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We give a characterization of connected subgraphs G of hypercubes H such 
that the distance in G between any two vertices a, b E G is the same as their 
distance in H. The hypercubes are graphs which generalize the ordinary cube 
graph. 
In this paper we consider graphs which have neither loops nor multiple 
edges. If G is a graph we shall denote the set of vertices of that graph also 
by G. If G, and G, are graphs then a map $ 6, ---f 6, is called cz kom~- 
morphism if f(a),f(b) E G, are adjacent whenever a, b E G, are adjacent. 
A homomorphismf: G, + 6, is full if the converse of the above statement 
also holds, i.e., if a, b E G, are adjacent whenever f(a),f(b) E G, are 
adjacent. A subgraph G, of G, is full if the inclusion homomorphism 
G, -+ G, is full. Let di be the distance function on Gi (i = 1,2). A homo- 
morphismf: 6, + G, is di~?u~ce-pre~e~z~j~g (d.p.) if d~(~(~),~(~)) = dp(a, b& 
for all CT, b E G, . It is clear that a d.p. homomorphism is injective. A 
connected subgraph G1 of G, is a d.p. subgraph if the inclusion homo- 
morphism G1 -+ G, is a d.p. homomorphism. It is evident that every 
d.p. subgraph is full. 
Let G be a connected graph and d its distance function. A subset V C G 
is closed if a, b E V; x E G; d(a, x) + d(x, b) = d(a, 6) imply x E V. The 
intersection of a family of closed subsets of G is also closed. Thus for 
every subset U of G there exists the unique minimal closed subset of G 
containing U. We denote this subset by F7 and call it the &SOY of U in 6. 
If n, b E G are adjacent we define 
G(u, b) = {x E G 1 d(x, a) < d(x, b)]. 
Then G(a, b) and G(b, a) are disjoint and non-empty subsets of G. If G is 
also bipartite then G(a, b) u G(b, a) = G. 
Now let S be a set and define a graph H(S) as follows: the vertices are 
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the finite subsets of S; two vertices Fl and F2 are adjacent if and only if the 
symmetric difference Fl d F2 is a singleton set. We shall say that H(S) is 
the hypercube on S. 
The object of this paper is to characterize the d.p. subgraphs of hyper- 
cubes. If G is a d.p. subgraph of some hypercube H(S) then it is clear that 
the following holds: 
(C,) G is a connected bipartite graph, 
(C,) If a, b E G are adjacent then G(a, b) is a closed subset of 6. 
We shall show that the converse is also valid. 
THEOREM 1. For a graph G the following two assertions are equivalent: 
(i) G is isomorphic to a d.p. subgraph of a hypercube. 
(ii) G satis$es (C,) and (C,). 
Proof. We have already remarked that (i) implies (ii). Let G be a graph 
satisfying (C,) and (C,). We fix a vertex c E G. We define a binary relation 0 
on the set E of edges of G. Let e, , e2 E E and let a, b be the vertices of G 
joined by e, . We say that e, 0 e2 if and only if e, joins a vertex in G(a, b) 
to a vertex in G(b, a). It is clear that 6’ is reflexive. Assume e, 0 e, and let 
u E G(a, b), v E G(b, a) be the vertices joined by e2 . We claim that 
G(u, v) = G(a, b). It suffices to show that G(a, b) C G(u, v). Assume that 
x E G(a, b) and d(x, V) < d(x, u). Then ~1 is in the closure of G(a, b) which 
contradicts (C,). Hence 0 is also symmetric and transitive. Let S = E/8 
be the set of equivalence classes and for e E E let Z E S be the equivalence 
class containing e. For x E G we define a subset F(x) of S as follows: 
5 E F(x) if and only if x and c do not belong to the same set G(a, 6) or 
G(b, a) where a and b are the vertices joined by e. It is evident that the 
choice of the representative e is irrelevant. We claim that F(x) is a finite 
subset of S. Indeed, let d(x, c) = m and let e, , e2 ,..., e, be the edges of 
some path joining x and c. Then it is easy to see thatF(x) = {Z, , 2, ,..., 2,). 
Thus we have a map f: G --t H(S) which sends x E G to F(x) E H(S). Let 
e E E be the edge joining the vertices a and b. We claim that 
F(a) d F(b) = (21. It is clear that i3 E F(a) .4 F(b). Assume that 
Z, E F(a) d F(b). If e, joins the vertices U, u E G then this means that a and b 
belong to different sets G(u, v) and G(v, u). Thus e, 0 e, i.e., Z1 = 2. This 
proves that f is a homomorphism. Now, let a and b be two vertices of G, 
d(a, b) = m and e, ,..., e, the edges of some path joining a and b. It is 
clear that F(a) d F(b) = (8, , Zz ,..., .&?,I. We claim that the edges e, , e2 ,..,, e, 
are pairwise non-equivalent. Indeed, assume that ei 0 ej for some i < j. 
Let ulc be the vertex incident with ekP1 and e, . Then we would have 
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d(“j-tl 2 u,) < c&z++~ , q+i), which contradicts the fact that d(a, b) = MT. 
Thus the distance between F(a) and F(b) in S) is also m. Therefore,f is 
a d.p. homomorphism and the proof is complete. 
If iT; and T2 are sets of the same cardinality then the hypercubes H(TJ 
and H(T’J are isomorphic. Let T be a graph satisfying the conditions (Cl) 
and (Q. Define dim G to be the smallest cardinal a for which there exists 
a d.p. homomorphism f: G + H(T) with card(T) = CC With the notation 
introduced in the proof of Theorem 1, we have: 
THEQREM 2. If G is a graph satisfying (Cl) and (C2) then dim G = 
card@/@). 
BvooJ It is clear from the proof of Theorem 1 that it suffices to show 
that card@/@) < dim 6. Let G be a set such that card(T) = dim G and 
letf: 6: --f H(T) be a d.p. homomorphism. Let a, b E G be adjacent and e 
the edge which joins them. Thenf(a) A S(b) = (t> is a singleton subset of ‘TV 
Sincef is a d.p. homomorphism we have 
G(a, b) = (x E G j t $f(x) d f(a)}. 
This shows that we have a well-defined map $: E/8 +- Tsuch that C/I(?) = r* 
is defined as above. 
Let eL be an edge joining the vertices a, b E G and e2 an edge joining 
u, L; E G. Assume that, for instance, u E G(a, 6). Then if &ZJ = &&,P 
we havef(a) A f(b) = f(u) A f(v) = (f) and t If(a) A f(u) It follows that 
t$f@)Af(9 . t , I.e., v E G(b, a). Thus 2, = 2, and $ is injective. 
Now, let G be a graph andf: G * H(S) a map into a hypercube. The 
subsets of S of the form f(a) d f(b) where a, b E G are adjacent will be 
calledf-blocks. The following result is due to I. %;. Blake when G is a finite 
h. Our proof, which we give below: is quite different from his. 
OREM 3. Let G be a connected bipartite graph, nz 3 1 a fixed 
in andy. G -F H(S) a map such that d( f (a), f (b)) = m . d(a, b) for all 
a, b E A. Them any two distinct f-blocks are disjoiuzt. In p~rt~c~~~p~ it follows 
that G satis$es also (C,). 
Proof. Note first that every f-block has 112 elements. Let T = f (a 
and U = f(u) A f (v) be two f-blocks where we assume that a an 
adjacent and also u and v. We can assume that u E G(a, 6) and that 
d(a, v) = d(a, u) + 1. Since 
f (4 A f 64 C (fb> A f (4) TV 6’ 
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andf(4 d f(u) h as m elements more than f(a) d f(u), it follows that 
f(a) of+> = cm ~&f-W w  u 
and that this union is disjoint. 
On the other hand we have 
f(b) d f(u) C (f&l d f(4) ” T ” u 
and d(b, U) = d(a, v) -& 1. If U and T meet then we must have d(b, U) = 
d(a, v) - 1 = d(u, u). This implies that we have 
Since also 
we deduce that 
But U and f(a) d f(u) are disjoint and so U = T. 
In order to prove the second assertion let S be the set off-blocks and 
cEGafixedvertex.IfxEGthenf(x)df( )’ c is a union of k distinct blocks 
where k = d(x, c). By the first part of the proof these blocks are uniquely 
determined. Let F(x) be the set of k blocks which are contained in 
f(x) d f(c)- 
Thus the map $: G -+ H(s) which sends x E G to F(x) is a d.p. homo- 
morphism. Indeed, it suffices to notice that if a, b E G then #~(a> d 4(b) 
consists of those f-blocks which are contained in f(a) d f(b). The result 
now follows from Theorem 1. 
Remarks. (1) The question of characterizing subgraphs of hypercubes 
remains open. It is not difficult to see that there exist connected subgraphs 
of hypercubes which are not isomorphic to any d.p. subgraph of any 
hypercube. These are those connected subgraphs of hypercubes which do 
not satisfy (C,>. An example is a graph obtained from a 3-dimensional cube 
by deleting one edge. 
(2) The problems in this paper have their origin in a problem of 
communication theory [3], but see also [2]. In graph theoretical terms one 
wants to characterize those connected graphs G for which there exists 
a mapf: G - H(S) such that d(f(u),f(b)) = m . d(a, b) for a, b E G where 
m > 1 is a fixed integer. Note that Theorems 1 and 3 give a complete 
solution of this problem for bipartite graphs. Moreover the method used 
in the proof of Theorem 1 shows how one can construct the map f when G 
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satisfies the condition (C,). By Theorem 3 we know that we can take 
m = 1. Theorem 2 says that f is the most economical because we get the 
smallest possible dimension. 
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